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Two regimes of synchronization in unidirectionally coupled semiconductor lasers
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We analyze unidirectionally coupled semiconductor lasers in the feedback/injection scheme to determine
their synchronization performance. As the mismatch between the two lasers increases, there is a transition from
complete synchronization for identical lasers to time lag synchronization which is only partial. This corre-
sponds to a continuous change of the global minimum that becomes a relative minimum of the synchronization
error function and vice versa.
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Recent research on chaotic laser synchronization has
stimulated by potential applications in secure communi
tion. In particular, semiconductor lasers with weak-
moderate optical feedback attract special interest as a po
tial device for secure optical communication system due
high-dimensional chaos and gigahertz frequency range
output @1,2#. Three types of synchronization schemes
considered for such laser systems@3#. In the first scheme
both the transmitter and the receiver are similar semicond
tor lasers with optical feedback and the coupling being u
directional. Synchronization in this scheme was reported
different oscillation regimes and for the frequency ran
from a few kilohertz to a few gigahertz@4,5#. The second
scheme is a direct injection scheme in which only the tra
mitter has an optical feedback loop while the receiver i
solitary semiconductor laser@6#. This system can be viewe
as a special case of the previous one with reflectivity of
receiver’s feedback mirror tending to zero. Successful c
otic synchronization in this system was demonstrated up
nanosecond time scale@3,7#. The third system consists o
two separated semiconductor lasers without additional o
cal feedback but bidirectionally coupled via the optical fie
~face-to-face coupling!. The chaos synchronization and spo
taneous symmetry breaking in this scheme were repo
recently@8#.

However, high resolution experiments on semiconduc
lasers synchronization revealed a pronounced difference
tween the theoretically predicted and experimentally
served synchronization behaviors. Lettc be the transmission
time of light from the transmitter laser to the receiver las
and t0 the delay time in the transmitter feedback loop. A
cording to the predictions of Ahlerset al. @2#, chaos synchro-
nization is realized in unidirectionally coupled semicondu
tor lasers with a time lagtd5tc2t0, for which the equations
describing both systems become identical. In the exp
ments the observed delay time between the two lasers
td5tc and was independent oft0 @5,7#. The theoretically
predicted synchronization regime is the so-called comp
synchronization~CS! @9#. It has been studied both for
single-mode@2# and a multimode case@10#. This type of
synchronization requires the identity of transmitter and
ceiver lasers and their oscillation parameters. Full synch
nization exists due to the identity of the equations for b
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systems and the main goal is to determine the stability of
solution. The mismatch in laser parameters between tra
mitter and receiver leads to a degradation of the synchr
zation, as was demonstrated in the numerical simulation
direct injection scheme with frequency detuning@11#. Ex-
perimentally, the observed behavior is synchronization of
time lag type~LS!, which consists in locking the receiver t
the output of the transmitter, shifted by some time lag. It h
been demonstrated that LS exists in the coupled Ro¨ssler sys-
tems with nonzero parameter mismatch@13#. On the contrary
with CS, not only the stability but also the very existence
a time lag synchronous solution is an open question du
the nonidentity of the equations. In this paper, we focus
the complete and time lag types of synchronization in un
rectionally coupled semiconductor lasers. We show that
degree of CS decreases with mismatch in laser parame
~coupling strength, pump coefficient! and a transition from
CS to LS may occur. Our analysis is focused on single-m
lasers because multimode operation does not add qua
tively new features to the present analysis.

Our starting point is a pair of almost identical singl
mode semiconductor lasers coupled in a direct inject
scheme. The transmitter laser is subjected to coherent op
feedback from an external mirror. The receiver is a simi
laser without feedback but in which a fraction of the tran
mitter output is injected. For single-mode lasers we use
usual Lang-Kobayashi rate equations@14#. After a suitable
normalization, the equations become@15#

dET

dt
5~11 ia!FTET1h

T
ET~ t2t0!e2 iVTt0, ~1!

dFT

dt
5PT2FT2~112FT!uETu2, ~2!

dER

dt
5~11 ia!FRER1hRET~ t2tc!e

2 iVTtc, ~3!

dFR

dt
5PR2FR2~112FR!uERu2. ~4!
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Here the indicesT,R label the transmitter and receiver var
ables,E is a slowly varying field amplitude,F is the excess
free-carrier density, anda is the linewidth enhancement fac
tor. The reduced timet is measured in units of the photo
lifetime tp , T5ts /tp is the ratio of the carrier lifetime to
the photon lifetime,VT is the solitary transmitter angula
frequency. The excess pump currentP is proportional to
(I /I th)21, whereI andI th are the current and its value at th
solitary laser threshold, respectively. The amount of tra
mitter feedback is represented byhT and the injection
strength ishR.

For identical parameters of the transmitter and receive

PR5PT[P,hR5hT[h, ~5!

a completely synchronous solution of Eqs.~1!–~4! exists,
which is

ER~ t !5ET~ t2Dt !, FR~ t !5FT~ t2Dt !, Dt5tc2t0 .
~6!

Complete synchronization means that both the transm
and this receiver follow the same trajectory in phase spa
with a time lag between systems equal toDt. The relative
position of each system of this trajectory depends on the
of Dt . For tc,t0 time lag is negative and the receiver is
the future state of the transmitter. It has been pointed out@16#
that this situation may be considered as anticipated sync
nization.

In the following analysis, we choose for simplicity equ
delays for the transmitter feedback and the injection to
receiver,tc5t0, which leads from Eq.~6! to the completely
in-time synchronous solutionER(t)5ET(t), FR(t)5FT(t),
and td.t0 for time lag synchronization. The fixed param
eters for numerical simulations aretp51 ps, T5103,tc
5t052ns,a55. With these parameters andP51023,h
5531023, the lasers are in a completely synchronized lo
frequency fluctuation regime.

Seeking time lag solution of Eqs.~1!–~4!

ER~ t !5ET~ t2t!,FR~ t !5FT~ t2t!, ~7!

with the condition~5!, we arrive at the conclusion that th
receiver and transmitter fields must be simultaneous s
tions of the two different equations

dER,T

dt
5~11 ia!FR,T~ t !ER,T~ t !1hER,T~ t !e2 iVTt0, ~8!

dER,T

dt
5~11 ia!FR,T~ t !ER,T~ t !1hER,T~ t2t0!e2 iVTt0.

~9!

Equations ~8! and ~9! coincide only if ER,T(t)5ER,T(t
2t0). It means that LS of identical lasers may occur only
time periodic solutions, not in the chaotic regime.

The degree of synchronization and the time lag betw
the lasers can be quantified by the synchronization e
function @11#, defined as
02620
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FIG. 1. Synchronization error as a function of the time diffe
ence between transmitter and receiver fields for differentPR. The
fixed parameters areT5103, tc5t052 ns, a55, hR5hT

5531023, PT51023. ~a! Identical lasers,PR51023; ~b! PR56
31024; ~c! PR52331024.

FIG. 2. Laser intensities~a! and averaged laser intensities~b!.
Transmitter~receiver! output is the upper~lower! trace. Averaging
time is 1.5 ns. Parameters as in Fig. 1~b!.
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s~t!5
^uI R~ t1t!2I T~ t !u&

^I T~ t !&
, ~10!

whereI R,T5uER,Tu2. The synchronization error as a functio
of the time shift between transmitter and receiver fields
shown in Fig. 1. For identical lasers this function has a g
bal minimums(0)50, which corresponds to CS@Fig. 1~a!#.
Among other features of this function is the symmetry re
tive to the changet→2t and local minima attmin.6t0,

FIG. 3. Laser intensities~a! and averaged laser intensities~b! for
the time lag solution. Transmitter~receiver! output is the upper
~lower! trace. Averaging time is 1.5 ns. Parameters as in Fig. 1~c!.

FIG. 4. Intermittent time lag synchronization. Transmitter~up-
per trace! and receiver~lower trace! intensities~a! and absolute
value of their difference~b!. The fixed parameters arePR5PT

51023,hT5531023,hR54.931023. Other parameters are as
Fig. 1. Arrows mark the intervals of unsynchronized behavior.
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62t0, . . . ,6nt0, separated byt0, which are less pro-
nounced asn increases. The mismatch between transmi
and receiver parameters decreases the degree of in-time
chronization@see Fig. 1~b!, where the pump parameter of th
receiver is decreased but the transmitter pump remains
changed#. Simultaneously, the symmetryt→2t disappears
due to an increase~decrease! of the minima for negative
~positive! t. Further increase of the pump parameter m
match results in changing the global minimum position to
valuetLS. t0 @Fig. 1~c!#. This change induces a shift of th
whole functions(t) @compare Fig. 1~b! and 1~c!#, and can
be considered as a transition from in-time synchronizat
~which was CS for identical parameters! to time lag synchro-
nization. More exactly, this second solution is a special c
of generalized synchronization@12#, which has the form of a
time lag in the parameter region we consider. Two poin
which confirm this conclusion should be stressed.

~1! The change of the global minimum position is not d
only to a decrease of the synchronization degree att50, but
also due to an increase of the synchronization level attLS
. t0.

~2! The position of the global minimum is not strictly a

FIG. 5. Synchronization error~a! and correlation function~b!
for the mismatch in two parametersPT51023, PR50, hT

5531023, hR5631023. Other parameters are as in Fig. 1.

TABLE I. Minima values of synchronization error function an
maxima values of correlation function for single-mode lasers a
for the total intensity of multimode lasers. The last column is t
ratio of the preceding ones. Parameter values are the same
Figs. 5 and 6.

Single mode~SM! Multimode ~MM ! SM/MM

s(0) 0.42 0.24 1.75
s(tLS) 0.28 0.17 1.65
C(0) 0.92 0.96 0.96
C(tLS) 0.97 0.98 0.99
1-3
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FIG. 6. Synchronization of multimode laser
Synchronization error and correlation functio
for the intensity of one mode~a!,~b! and for the
total intensity ~c!,~d!. The fixed parameters ar
the same as in Fig. 5 andbT,R50.22, N53.
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t0 (tLS52.12 ns,t052 ns) but slightly depends on th
system parameters, as found for LS@13#.

Time dependent behaviors of laser intensities and t
average values in these two regimes are presented in Fi
and 3 for the parameters of Figs. 1~b! and 1~c!. It is clear
from Fig. 2 that the transmitter and the receiver have p
fectly synchronized wave forms without time lag. Amp
tudes of oscillations are slightly different due to the pum
parameter mismatch. Short intervals of unsynchronized
havior are only observed just after intensity dropouts. On
contrary, time lag between intensities is clearly identified
Fig. 3, which correspond to LS. This time lag is more pr
nounced in the average intensities@Fig. 3~b!#, but it can also
be found very clearly in the high frequency intensity oscil
tions @Fig. 3~a!# for these values of the parameters.

We now investigate the influence of the mismatch b
tweenhR and hT on the synchronization behavior. We u
the same parameters as before. IncreasinghR ~leading to
hR.hT) results in the same behavior as decreasingPR. A
degradation of the complete synchronization and transitio
the time lag synchronization is found. The only difference
quantitative: the decrease of the time lag minimum va
s(tLS) is much smaller than for the pump mismatch. ForhR

,hT, a transition to intermittent time lag synchronizatio
~ILS! instead of stationary time lag synchronization is o
served. ILS implies that the two systems are locked in the
state most of the time, but intermittent bursts of unsynch
nized behavior may occur@13,17#. Evolution of the transmit-
ter and receiver intensities together with the modulus of th
difference is shown in Fig. 4. Time intervals of unsynchr
nized behavior are marked by arrows in Fig. 4~b!. They ap-
pear in addition to short periods of synchronization resto
tion after intensity dropouts.

So, the mismatch in the parameters of a unidirectiona
transmitter/receiver scheme leads to a transition from CS
LS. This effect is reinforced if there is a mismatch in bo
pump and feedback/injection coefficients. An example
such a situation is presented in Fig. 5 for parameter va
PT51023, PR50, hT5531023, hR5631023. Figure
02620
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5~a! shows the synchronization error and Fig. 5~b! is the
corresponding correlation function, defined as

C~t!5
^I R~ t1t!I T~ t !&

A^I R~ t !2&^I T~ t !2&
. ~11!

A sharp difference between the main minima of the synch
nization error and a sharp difference between the m
maxima of the correlation function is observed~Table I!.

In conclusion, we have investigated numerically two r
gimes of chaos synchronization, namely, complete synch
nization and time lag synchronization, in unidirectiona
coupled semiconductor lasers in a feedback/injection c
figuration. CS is possible only for identical transmitter a
receiver lasers and its degree decreases with parameter
match. On the contrary, the time lag regime cannot be fu
synchronized for identical lasers. LS requires time perio
solutions and is impossible for chaotic transmitter outp
However, the degree of time lag synchronization may
crease with the parameter mismatch and a transition from
to LS may occur. We have found that the synchronizat
error, as a function of time shift between transmitter a
receiver signal, is a useful tool for investigating the synch
nization behavior. Furthermore, we have verified that the
istence of two synchronization regimes and the transit
between them with increasing laser mismatch is a comm
feature both for single-mode and multimode semiconduc
lasers.

A direct integration of the multimode equations of Re
@18# for three modes and otherwise the same parameters
this paper does not reveal any qualitative change. Figur
displays a sample of these results. We have included in T
I the multimode results for comparison.
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